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Abstract
Three general models of dynamical interacting dark energy (D-class) are investigated in the
context of Brans-Dicke cosmology. All cosmological quantities such as equation of state parameters,
deceleration parameters, Hubble function, and the density ratio are calculated as a function of
redshift parameter. The most important part of this paper is fitting of models to the observational
data (SNIa+BAOA+Omh
2). We obtain a table of best fit value of parameters and report χ2tot/dof
and Akaike Information Criterion (AIC) for each model. By these diagnostic tools, we find that
some models have no chance against ΛCDM and some (e.g. BD −DC2 and BD −DA∗) render
the best fit quality. Specially, the value of AIC analysis and figures show that the interacting
BD −DC2 model fit perfectly with overall data and reveals a strong evidence in favor of this
model, against ΛCDM.
∗ khodam@basu.ac.ir
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I. INTRODUCTION
The concordance model is one of the famous dark energy models (DE) that is supported
by numerous observations that show an acceleration expansion of the universe such as sub-
sequent measurements of distant supernova [1, 2] and most recently from the analysis of the
precision cosmological data by the Planck collaboration [3]. In this model there exist a pos-
itive cosmological constant (CC) Λ term, so-called vacuum DE, which has been introduced
first by Einstein and another terms that are contributed in the evolution of the universe such
as matter (baryons plus cold dark matter) and radiation. Despite of good consistency with
measurements, it suffers with two profound problem. One of them which is the most theoret-
ical enigmas of fundamental physics, so-called cosmological constant problem [4, 5], or fine
tuning, and the second one is Cosmic Coincidence problem (see e.g. the reviews [6–9]). The
former namely the preposterous mismatch between the measured value from cosmological
observations and the typical prediction for Λ in quantum field theory (QFT) [1–3] and the
latter say about the ratio of dark matter to dark energy densities which must be bounded
in order unity. It is a matter of fact that whether Λ or its density of energy ,ρΛ = Λ/8πG,
is truly a constant or is a function of time (or scale factor a(t) or Hubble rate H(t)). It is
important to note that each model must satisfy at the same time theoretical considerations
and constraints with observational data. Following this, different scenarios have been pro-
posed. from one side, recently, a class of dynamical vacuum dark energy models (DVM’s)
were introduced [10] that Λ could be considered as a function of Λ(H) = n0+n1H
2+n2H˙+...
[11] but equation of state is the same as CC (i.e. w = P/ρ = −1). In these models, authors
have also considered an interaction between matter and dark energy in framework of the flat
Friedmann-Lemaˆıter-Robertson-Walker (FLRW) in Einstein gravity and showed a “strong
evidence” against the ΛCDM [12] , and hence in favor of the DVM’s.
From the other side, many authors interested to consider dynamical dark energy models,
with time varying w(t), such as: scalar fields, both quintessence and phantom-like, modified
gravity theories, phenomenological decaying vacuum models, holography scenarios, etc (cf.
the previous review articles, references therein and [13, 14] ). These models, can however al-
leviate the cosmological problems, specially cosmic coincidence problem, but they had done
less investigation about the fine tuning problem. Hence, if we take the point of view that the
dark energy density is a dynamical variable in quantum field theory in curved spacetime, it
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will be possible to better tackle the basic CC problems, as well as the cosmic coincidence
problem that may be solved by interacting dynamical DE models (e.g. see our previous
paper [15]). Recently, one of us with some authors studied on the cosmological implications
and linear structure formation of such dynamical dark energy, so-called D-class. At last
D-models were fitted to the observational data and they showed that these models improve
significantly the fit quality of the ΛCDM, showing that a moderate dynamical DE behavior
is better than having a rigid Λ-term for the entire cosmic history [16].
Now we are in the point that using this kind of dynamical DE into the Brans-Dicke (BD)
theory of gravity. For the reason that the D-class DE density belongs to a dynamical cos-
mological constant, we need a dynamical framework to accommodate it instead of Einstein
gravity. The best choice for this, is BD theory which is a scalar-tensor theory and was
invented first by Jordan [17] and then ripened by brans and Dicke [18]. This theory is based
on Mach’s principle, which is a fundamental principle to explain the origin of inertia. In
attempting to incorporate Mach’s principle, the BD theory introduces a time dependent in-
ertial scalar field ϕ, which plays the role of the gravitational constant G, so that ϕ(t) ∝ 1/G
and is determined by distribution of mass of the universe . So the gravitational fields are
described by the metric gµν and the BD scalar field ϕ, which has the dimension [ϕ] = [M ]
2.
In BD theory, the scalar field ϕ couples to gravity via a coupling parameter ω and it has been
generalized for various scalar tensor theories. This theory passes the observational tests in
the solar system domains [19] and also has been tested by some famous cosmological tests
such as Cosmic Microwave Background (CMB) and Large Scale Structure (LSS) [20]. In
recent years, many authors have been studied on the some models of DE (e.g. Holographic
DE, Ricci DE, Ghost DE, and etc.) in the BD cosmology and have been found good result
and fitting with observational data. Most of these models can fit in the category of general
D-class DE models. So this can be a good motivation for taking this class of DE models in
the BD theory.
This paper is organized as follows. After a brief review on the Brans-Dicke cosmology,
we introduce three classes of dynamical DE in Sec. II. The background solution and cos-
mological implications of each class of DE models are studied by different subsections in
Sec III. The fitting of models to the observational data and make constraint of parameters
of each model are performed in Sec. IV and at the following, in Sec. V, we give detailed
discussion on the results by studying on the best fit quality and the chance of each model in
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the competition of ΛCDM. Finally we finished our paper by some concluding and remarks.
II. GENERAL FORMALISM: DYNAMICAL DE IN THE FRAMEWORK OF BD
COSMOLOGY
The BD action has been represented by
s =
∫
d4x
√−g
(
φR− ω
φ
∂µφ∂
µφ+ Lm
)
, (1)
where φ is Brans-Dicke scalar field, ω is the BD coupling parameter and Lm is the Lagrangian
of matter. General relativity is a particular case of the BD theory, corresponding to ω →∞
[21]. In a flat FRW universe, the BD field equations in a natural unit has been given as [22]
3H2 − 1
2
ω
φ˙2
φ2
+ 3H
φ˙
φ
=
1
φ
(ρm + ρD) (2)
2H˙ + 3H2 +
1
2
ω
φ˙2
φ2
+ 2H
φ˙
φ
+
φ¨
φ
= −1
φ
pD, (3)
where H = a˙/a is the Hubble function and the overdot denotes a derivative with respect to
the cosmic time. At following, we are interested to consider that the total energy contents
of our universe including a pressureless cold dark matter, a DE fluid which its dynamical
equation of state (EoS) defines as wD = pD/ρD and ignoring any radiation component.
As it is common in literatures, here we assume that the BD scalar field is proportional to the
scale factor: φ = φ0a
n = φ0(1 + z)
−n where z is redshift and it is expected that n possess a
tiny value in order to G changes by time slowly, which is consistent to our foundation about
the universe. It is necessary to mention here that n will be considered as a free parameter
and must be fitted with observational data. By inserting scale factor dependence of φ in
Eqs. (2) and (3), we have
ρD =
3φH2ς
(1 + u)
, (4)
ρD = −H
2φ
wD
(
H˙
H2
(2 + n) + ϑ
)
. (5)
where ς = 1+n−ωn2/6 and ϑ = 3+2n+n2+ωn2/2 = −3ς+n2+5n+6 are constants and
u = ρm/ρD define as the ratio of energy densities. As one may check in the limit n = 0 , the
Friedmann equations will be recovered. Let’s remark that if we define the critical density
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at present time as 1 ρ
(0)
c = 3H20φ0, then following constraint could be satisfied by usage of
Eq. (2) as
Ω(0)m + Ω
(0)
D + Ω
(0)
φ = 1. (6)
Here Ω
(0)
φ =
1
6
ωn2 − n and matter density parameter at present time take the following
simple form
Ω(0)m =
u0
1 + u0
ς, (7)
where u0 is the value of energy density ratio at present. At some points in next sections
( IIIA, III B and IIIC) we will show that in order to determine the evolution of energy
density versus redshift, u(z), we need to fix u0 and accordingly Ω
(0)
m parameters. But, as
one may check from Eq. (7), these two parameters will be related to observation due to free
parameter n which is hidden in ς quantity.
Considering Eqs. (4) and (5) we will gain a general equations which will be beneficial for
our purpose in next sections. The equality of these two equations leads to following relation
H˙
H2
=
−3wDς − ϑ(1 + u)
(2 + n)(1 + u)
(8)
The DE density and its dynamical nature plays a crucial role on the evolution of the universe.
Hence, in the following we will consider three basic kind of dynamical DE models as
BD −DA1 : ρD(H) = 3φ
(
αH2 + ǫ
)
,
BD −DC1 : ρD(H) = 3φ(αH2 + βH),
BD −DC2 : ρD(H) = 3φ(αH2 + γH˙) (9)
where the ”BD” corresponds to Brans-Dicke cosmology and ”D” calls for dynamical nature
of DE. Note that φ has dimension 2 (mass square) and two parameters α, γ are dimensionless
but β, ǫ have dimension 1 and 2 in turn. Free parameters α and γ will be fitted by the
observational data while β and ǫ could be restricted and related to the free parameters of
each model which we will give a detailed discussion in next sections.
[1] One may defines ρ
(0)
c = 3H20φ0ς and hence Eq. (7) reduced to Ω
(0)
m =
u0
1+u0
which is fixed for the present
time with no dependence to free parameters of models that will be explained in Secs. III A, III B, III C
and thus it is not preferred here.
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III. COSMOLOGICAL BACKGROUND SOLUTION
In the following we will assume that the fluid contains two components, dark energy and
dark matter, and to be more general we will regard two scenarios for these components:
†) Interacting case: These two components do not conserve separately but interact with
each other in such a manner that the continuity equations take the form
ρ˙D + 3H(1 + wD)ρD = −Q, (10)
ρ˙m + 3Hρm = Q, (11)
where Q stands for the interaction term. The ideal of interaction term must be motivated
from the theory of quantum gravity but we my regard a pure dimensional basis for choosing
an interaction Q. Usually in literature, the interaction term is defined in any of the following
forms: (i) Q ∝ HρD, (ii) Q ∝ Hρm, or (iii) Q ∝ H(ρm + ρD). Thus hereafter we choose
only the first case, namely Q = b2HρD = ΓρD, where b
2 is a coupling constant and also we
regard b2 as a parameter to be fit with observational data.
‡) Non-interacting case: In this scenario dark matter and energy are considered self-
conserved with no interaction with each other. Then for obtaining the corresponding equa-
tions in this case, it is enough to substitute b2 = 0 in all gained equations of first scenario.
From Eqs. (10) and (11) one may derive an applicable equation for the evolution of the
ratio of energy density as follows
u˙ = 3Hu
[
wD +
b2
3
(
1 + u
u
)]
(12)
Equivalently, changing the cosmic time variable into the redshift due to relation d/dt =
−(1 + z)H(z)d/dz, leads to
u′(z) = −3u(z)
1 + z
[
wD(z) +
b2
3
(
1 + u(z)
u(z)
)]
, (13)
where prime denotes for derivative with respect to redshift. Also, for further analysis of
background evolution of the universe, it will be beneficial to calculate deceleration parameter
which defines as
q(z) = −1− H˙
2H2
= −1 + 1 + z
2H2(z)
dH2(z)
dz
(14)
in which H(z) will be calculated in each models.
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A. BD −DA1 Model
We start with the calculation for the BD −DA1 model but before, it is worthwhile to
mention here that, this model possesses a well-defined ΛCDM limit (i.e. ρ = const) for
α = n = 0. By the way in this model, using Eq.(4), the Hubble function can be gain as
H(t) = ±
√
−ǫ(1 + u(t))
α(1 + u(t))− ς (15)
In the following, we will use Eq. (15) with minus sign. It will be feasible to gain constant
ǫ in term of some other constants with solving eq. (15) at present time which will lead to
ǫ = −H20 (α−
ς
1 + u0
). (16)
Taking a derivation of Eq. (15) with respect to cosmic time we find
H˙(t)
H(t)2
=
ςu˙(t)
2
√−ǫ(α(1 + u(t))− ς)(1 + u(t))3 . (17)
Using Eqs. (8) and (17) and taking into account that d/dt = −(1 + z)H(z)d/dz, the EoS
parameter can be given by
wD(z) = −(1 + z)(2 + n)u
′(z)
6 (α(1 + u(z))− ς) −
ϑ(1 + u(z))
3ς
, (18)
and substituting Eq. (13) in Eq. (18) gives
u′(z) =
(1 + u(z))
1 + z
[
(ϑ
ς
u(z)− b2)
1− (2+n)u(z)
2(α(1+u(z))−ς)
]
. (19)
By solving this equation, the redshift can be find versus u as follows
z =
[
ϑu− ςb2
ϑu0 − ςb2
] ς(2η−ς(n+2)b2)
2η(ϑ+ςb2)
.
[
1 + u
1 + u0
] n−2ς+2
2(ςb2+ϑ)
.
[
α(1 + u)− ς
α(1 + u0)− ς
] (2+n)(ς−α)
2η
− 1 (20)
where
η = ϑ(α− ς) + αςb2. (21)
Finally the EoS parameter (18) and deceleration parameter (14), in term of energy density
ratio by using of Eq. (19) can be rewritten as
wD(z) =
(
1 + u(z)
3ς
)[
(2 + n)b2ς − 2ϑ(α(1 + u(z))− ς)
2(α(1 + u(z))− ς)− (2 + n)u(z)
]
(22)
q(z) = −1 − ϑu(z)− b
2ς
2(α(1 + u(z))− ς)− (2 + n)u(z) . (23)
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As it is seen, the EoS and deceleration parameters do not depend on constant ǫ even by
considering explicit formula of u(z) versus z. This result is different with [16], where the
same DE density was investigated in the framework of Hilbert-Einstein general relativity
which was called DA1 model there.
B. BD −DC1 Model
In this model, by using (4), the Hubble function is given by
H(t) = − β (1 + u(t))
α (1 + u(t))− ς . (24)
By imposing the current value of Hubble function and energy density ratio in Eq. (24),
One may fix the constant β as
β = −H0
(
α− ς
1 + u0
)
(25)
Using Eq. (24), we obtain
H˙(t)
H(t)2
=
ςu˙(t)
β(1 + u(t))2
(26)
and by equating this equation with (8), the EoS parameter can be written as
wD(z) = −(1 + z)(2 + n)u
′(z)
3 (α(1 + u(z))− ς) −
ϑ(1 + u(z))
3ς
(27)
As it is seen, β plays no role in the EoS parameter explicitly. Applying Eq. (13) in Eq. (27)
leads to
u′(z) =
(1 + u(z))
1 + z
[
(ϑ
ς
u(z)− b2)
1− (2+n)u(z)
α(1+u(z))−ς
]
, (28)
and solving above differential equation, (28), leads to an equation which shows the relation
between redshift and energy density ratio in such a way that u(z) is the root of following
equation
z =
[
ϑu− ςb2
ϑu0 − ςb2
] ς(η−ς(n+2)b2)
η(ϑ+ςb2)
.
[
1 + u
1 + u0
] n−ς+2
(ςb2+ϑ)
.
[
α(1 + u)− ς
α(1 + u0)− ς
] (2+n)(ς−α)
η
− 1 (29)
Finally, Eq. (28) help us to rewritten the EoS and deceleration parameters in term of energy
density ratio as
wD(z) =
(
1 + u(z)
3ς
)[
(2 + n)b2ς − 2ϑ(α(1 + u(z))− ς)
α(1 + u(z)) + ς − (2 + n)u(z)
]
(30)
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and
q(z) = −1 + ϑu(z)− b
2ς
ς + (2 + n)u(z)− α(1 + u(z)) . (31)
It must be mentioned that the non-interacting case is achieved by substituting b2 = 0 in all
above relations.
C. BD −DC2 Model
In previous sections, because of the form of DE density and by a straightforward approach
we were able to gain an equation for Hubble function which depend on the energy density
ratio. Here in this section we follow the procedure which is applied in ref. [15]. Substituting
this form of DE density (from Eq. (9)) in Eq. (4), one can find
H˙
H2
=
ς
γ(1 + u)
− α
γ
(32)
Equating above equation with (8) gives a relation between EoS parameter and the energy
density ration as follows
wD =
1
3
[
A(1 + u(z))− 2 + n
γ
]
, (33)
where
A =
1
ς
[
(2 + n)α
γ
− ϑ
]
. (34)
The Deceleration parameter could also be calculated by using (32) as
q(z) = −1 + α
γ
− ς
(1 + u(z))γ
. (35)
Substituting Eq. (33) in (13), and then by solving the differential equation (13), we find
u(z) =
1
2γA
{
C tan
[
−C ln(1 + z)
2γ
+ arctan
(
9γA− 5n+ 5βb2 − 10)
5C
)]
−γA + 2 + n− γb2
}
(36)
where the parameter C is given by
C =
√
4Aγ(n+ 2)− (γb2 − 2− Aγ − n)2. (37)
Using the continuity equation, (11), the density of dark matter in the interacting case yields
ρm = ρ
0
m(1 + z)
3 exp[3b2(F(z)−F(0))] (38)
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where
F(z) = 1
2A
×
{
ln(1 + z)(A + b2 − 1
γ
) + ln
(
1 + tan
[
−C ln(1 + z)
2γ
+ arctan
(
9γA− 5n+ 5γb2 − 10)
5C
)]2)}
(39)
and F(0) is the value of F(z) at present time. Also, ρ0m could be obtain by using (4) as
ρ0m =
3ςu0H
2
0φ0
1 + u0
(40)
At last, the Hubble function in terms of some known function of redshift can be given as
follows
H(z) =
√
ρm(z)
3ςφ(z)
(
(1 + u(z))
u(z)
)
. (41)
IV. FITTING MODEL TO THE OBSERVATIONAL DATA
In this section in order to implement the fit, we interested to extract the combined
data from expansion history: SNIa+BAOA+Omh
2. Specifically in [23, 24] a very detailed
description of all these cosmological observable is provided as well as of the fitting procedure,
and the interested reader is refereed to these references for more information, see also [25, 26].
To get the best fit values of the relevant parameters, we maximize the likelihood function,
L = eχ2tot/2, or equivalently minimize the joint χ2tot function with respect to the elements
(parameters) of p where
χ2tot(p) = χ
2
SNIa + χ
2
BAOa + χ
2
omh2 . (42)
To compare the evidance for and against competing models it is common to employ various
information creteria like Akaike Information Criterion (AIC) which in addition to χ2, it
takes into account the number of free parameters in each model, nfit. Also it is appropriate
for the models which we are studying here (Ntot/nfit > 40) [27]. For the Gaussian errors it
defines as:
AIC = χ2tot + 2nfit (43)
The AIC grades two or more vying models and give in hand the numerical measure about
each model which is preferred. In this way, AIC increment defines as |∆(AIC)ij | =
10
|(AIC)i − (AIC)j|, [16, 27]. Hence for a pairwise comparison, the conqueror model is
one with smaller value of AIC. But it is needed to have ∆(AIC)ij ≥ 2 because otherwise it
betokens as consistency between these two model in competition, while for ∆(AIC)ij ≥ 6
we will have a strong evidence for choosing preferred model. We will use this issues in next
section.
Another point necessary to mention here is that in order to do constraint each model we
have used ω = 1033 which is gained form P lanckTemp + P lanckLens at 99% confidence
level under unrestricted supposition (no initial value for scalar field is fixed) [28] where it
is consistent with what usually handled in literature: For example in [29] the authors has
found ω ≃ 1000 by using the CMB temperature and polarization anisotropy data, also see
[30–32] and reference therein.
In the following we will explain each of SNIa, BAOA and Omh
2 analysis in short.
A. SNIa
First of all, we used the Union 2.1 set of 580 type Ia supernovae of Suzuki et al. [33]
χ2SNIa =
580∑
i=1
[
µth(zi, p)− µobs(zi)
σi
]2
(44)
where zi is the observed redshift for each data point. The observational modulus distance
of SNIa, µobs(zi), at redshift zi is given by
µobs(zi) = m(zi)−M (45)
In theoretical point of view the modulus distance define as µth(zi, p) = 5 log dL+25, in which
dL(zi, p) is the luminosity distance for spatially flat universe:
dL(zi, p) = c(1 + z)
z∫
0
dz′
H(z′)
. (46)
with c the speed of light. For doing the fit with SNIa data we have fixed H0 = 70 km/s/Mpc
following the setting used in the Union 2.1 sample. σi defines as corresponding 1σ uncertainty
for each SNIa data point.
It is worthy noting that in models with varying G, like BD theory, a correction must be
regarded in order to employ the supernovae data. In [34, 35] who predicted on the basis of
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an analytical model and reasonable assumptions that the SN Ia maximum luminosity can
be expressed in terms of ejected nickel mass (L ∝ MNi) which with a good approximation
is a fixed fraction of the Chandrasekhar mass (MNi ∝ MCh ∝ G−3/2) [36–38] and thus for
the luminosity distance we will have L ∝ G−3/2. Using the definition of absolute magnitude
M = −2.5log L
L⊙
+ cte, (47)
the modulus distance relation must be corrected as [39]
µ(z) = µncobs −
15
4
log
G
G0
= µncobs +
15
4
log
φ(z)
φ0
= µncobs −
15
4
n log (1 + z). (48)
in which we are using φ ∝ an in the third relation and quantity µncobs is the observed distant
modulus before correction.
B. BAOA
The BAO estimators A(z) collected by Blake et al. in [40]. The BAO measurement at
the largest redshift H(z = 2.34) taken after [41] on the basis of BAO’s in the Lyα forest of
BOSS DR11 quasars. The acoustic parameter, A(z), for BAO introduced by Eisenstein as
follows [42]:
A(zi, p) =
√
Ω
(0)
m
E(zi)
1
3

 1
zi
zi∫
0
dz
E(z)


2
3
(49)
Where E(z) = H(z)/H0 and zi is the redshift at which this observable is measured. For
BAOA we have used the current value of the Hubble function given by the Planck Collab-
oration [3], i.e. H0 = 67.8km/s/Mpc. The corresponding χ2-functions for BAOA analysis
are defined as:
χ2BAOA =
6∑
i=1
[
Ath(zi, p)− Aobs(zi)
σA,i
]2
(50)
where the corresponding values for zi, Aobs and σA,i can be found in table 3 of [40].
C. Omh2
We use the available measurements of the Hubble function as collected in [43]. These
are essentially the data points of [44] in the redshift range 0 6 z 6 1.75 and we define the
12
Model α Ω
(0)
m /γ b2 n χ2/dof AIC
ΛCDM - 0.275 ± 0.005 - - 808.083/991 810.083
BD −DA1 0.331 ± 0.022 - 0.373+0.020−0.009 0.009 ± 0.025 801.531/989 807.531
BD −DC1 (α : −) −0.300+0.011−0.001 - 0.287+0.048−0.034 0.020 ± 0.002 800.076/989 806.076
BD −DC1 (α : +) 0.044 ± 0.016 - 0.441+0.026−0.008 0.018 ± 0.001 807.144/989 813.144
BD −DC2 0.765+0.027−0.003 0.430+0.008−0.020 0.051+0.018−0.004 −0.009+0.014−0.006 791.735/988 799.735
BD −DA1⋆ −0.073+0.003−0.001 - - 0.014+0.001−0.002 793.485/990 797.485
BD −DC1⋆ −0.315+0.003−0.006 - - 0.006+0.006−0.001 815.210/990 817.210
BD −DC2⋆ 0.976+0.003−0.051 0.614+0.040−0.012 - −0.019+0.001−0.007 831.811/989 837.811
TABLE I: The best-fitting values for the various models and their statistical significance (χ2-test and Akaike information
criterion, AIC, see Sect. IV) for both interacting and non-interacting ( indicated by ⋆) cases. All quantities corresponds to the
expansion history of universe i.e. (BAOA+SNIa+Omh
2). The given values in third column is correspond to Ω
(0)
m (resp. γ) for
ΛCDM (resp. BD − DC2) model. Details of the fitting observables are given in Sect. IV.
following χ2Omh2 function, to be minimized:
χ2Omh2 =
N−1∑
i=1
N∑
j=i+1
[
Omh2th(Hi, Hj)−Omh2obs(Hi, Hj)
σOmh2 i,j
]2
, (51)
where N is the number of points H(z) contained in the data set, Hi ≡ H(zi), and
Omh2(Hi, Hj) is the two-point diagnostic [45],
Omh2(z2, z1) ≡ h
2(z2)− h2(z1)
(1 + z2)3 − (1 + z1)3 , (52)
with h(z)/h ≡ H(z)/H0, and σOmh2 i,j is the uncertainty associated to the observed value
Omh2obs(Hi, Hj) for a given pair of points ij, viz.
σ2Omh2 i,j =
4
[
h2(zi)σ
2
h(zi)
+ h2(zj)σ
2
h(zj)
]
[(1 + zi)3 − (1 + zj)3]2
. (53)
In [23], [24] a more detailed explanation of all these cosmological observables as well as on
the fitting procedure has been elaborated, and therefore we have left more details aside from
the present work.
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FIG. 1: Energy density ratio versus redshift for interacting (left) and non-interacting (right) models under
consideration. In all plots we have used the best fit values of Table 1
V. DISCUSSION AND RESULTS
In this section we provide further discussion on the results and the calculations which
has been done in previous sections. The plots for EoS, deceleration parameters and energy
density ratio will be illustrate here. At the end we will see which model place in the
more prominent position in competing with the others and has the most harmony with
observation.
In table I, the best fitted values of parameters of each mentioned models, using the
discussed statistical analysis, have been collected. These values are used for studying of
other cosmological parameters in the bulk. In this table χ2tot/dof has been reported where
dof is number of degrees of freedom and define as: dof = Ntot − nfit in which Ntot is the
number of data points and nfit is the model-dependent number of fitted parameters.
In Fig. 1 the energy density ratio as a function of cosmic redshift for both interacting
(left) and non-interacting (right) has been plotted by using Eqs. (20), (29) and (36). This
evolutionary illustration is significant from the point of view of investigation of coincidence
problem. As it is seen in Fig. 1, the energy density ratio for BD −DA1, BD −DC1(α : +)
and BD −DC2 models has been bounded in the past and future which could be alleviate
the coincidence problem. Whilst for all non-interacting models and also BD −DC2(α : −)
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FIG. 2: EoS function, ωD(z), versus cosmic redshift for interacting (left) and non-interacting (right) models
using the best fit values of Table. I.
no bound is seen. We find that in all models for α < 0, the coincidence problem can not be
solved.
Considering Eqs. (22), (30) and (33) the behavior of EoS versus redshift is depicted in
Fig. 2. Also, substituting the best-fit values of the parameters, according to the results
shown in table I, in the mentioned formula the current value of the EoS parameter achieved
for BD −DA1 Model reads w(0)D = −1.005. This result is perfectly compatible with current
observational evidence from Planck result where w
(0)
D = −1.006 ± 0.045 [3]. While for
non-interacting case, BD −DA1⋆, it reads as w(0)D = −1.086 and furthermore an asymptotic
behavior is seen in its plot (right) for z ≈ 2.
The point worthwhile to add here is that in [16] the same DE density is studied on the
background of general relativity and on the Assumption of non-interacting model, where it
is called DA1 model. There, asymptotic behavior is seen for DA1 model (Fig. 2 of [16]).
So by collating this with obtained results here we may state that interaction plays a crucial
role for elimination of asymptotic behavior.
For both of BD −DC1 sub-classes, the EoS parameter exhibit a phantom like behavior but
as it is seen in Fig. 2, the subclass with (α : −) display a vertical asymptote at high redshift
(z > 1.5). Using the best fitted values for free parameters of BD −DC1 : (α : −), (α : +)
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FIG. 3: Deceleration parameter, q(z), and transition point from deceleration to acceleration for interacting
(left) and non-interacting (right) models.
leads to w
(0)
D = −1.127 and w(0)D = −1.062 in turn. Incidentally, for BD −DC1⋆ we have
w
(0)
D = −0.909 which is far from observational results. Hence, as it explained before, the
sub-class with (α : +) exhibits value much closer to current value of EoS parameter at
present, according to observation [3].
Using the best fitted values for free parameter of BD −DC2 (resp. BD −DC2⋆) model,
the EoS parameter at present time gains as w
(0)
D = −1.296 (resp. w(0)D = −1.075 ) which
indicates that the interacting BD −DC2 possess the much larger negative values between
all other models.
The evolution of deceleration parameter, by using Eqs. (23), (31) and (35), is illustrated
in Fig. 3 . As one can check from Fig. 3, all model has a deflection point in the past where
the accelerating universe transit from deceleration to acceleration. Finding the root of q(z)
function, the point Ztr in all models can be given. According to best fit values in table I,
deceleration parameter and redshift transition point for D-class models are given in table
II. As one can see from table II, similar to EoS parameter, in BD −DC2 model, the present
value of q is larger (in absolute value) than the other models.
Now we will focus on Fig. 4, where the 2-dimensional plots for the physical region
of parameters of BD −DC2 model has been depicted. The corresponding plots for the
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BD −DA1 BD −DA1⋆ BD −DC1 (α : +) BD −DC1 (α : −) BD −DC1⋆ BD −DC2
q(0) −0.543 −0.579 −0.498 −0.529 −0.460 −0.844
ztr 0.745 0.650 0.780 0.708 0.750 0.573
TABLE II: Present deceleration parameter and redshift transition point for D-class models.
other models is somewhat similar and not shown here. The BD −DC2 model depiction is
presented here because of the most parameter it possesses and for this depiction we have
utilized the expansion history data (Omh2+BAOA+SNIa). The bounds with elliptically
shapes corresponds with 1σ, 2σ and 3σ confidence levels. In order to appraise the statistical
analyze quality and do the comparison between different models studied in this work, the
χ2 and AIC values have displayed in table I. A glance at this table reveals that the fit
quality for all models except BD −DC1⋆, BD −DC2⋆ and BD −DC1(α : +) are better
than ΛCDM model. Meanwhile among all these models, the BD −DC2 and BD −DA1⋆
render the best fit quality (the smallest value of χ2/dof among all others).
As explained in Sec. IV using AIC increment, we are able to compare interacting
and non interacting i=BD −DA1, BD −DC1 and BD −DC2 models with the j=ΛCDM.
Hence, from table I for interacting BD −DA1 model (resp. non-interacting one) we find
|∆(AIC)| ≥ 2 (resp. |∆(AIC)| ≥ 12) against ΛCDM. So notice that as it is seen from
the upshot of AIC increment, evidence for non-interacting case is more stronger than the
interacting one. However as we mentioned previously, in BD −DA1⋆ model, the problem of
cosmic coincidence has remained and this model could be ruled out.
Now it is turn to investigate BD −DC1 model but as we will see this model has no enough
chance in the competition with ΛCDM. For BD −DC1(α : −) we have |∆(AIC)| ≥ 4 against
ΛCDM while for BD −DC1(α : +) and BD −DC1⋆ we have in turn |∆(AIC)| ≥ 3 and
|∆(AIC)| ≥ 7 against these models.
Therefor we are face with strong evidence against BD −DC1⋆ and also outcomes from
background history investigation reveals phenomenologically problematic issues(coincidence
problem and inconsistency with current observational data) for this model. So due to these
obstacles, this model does not possess the ability for proper adjustment with expansion
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history of universe and could be ruled out.
About the BD −DC1(α : +) model, as it is explained in previous section this model
is introduced here because of alleviation of coincidence problem (according to Fig. 1),
but the AIC increment manifests it does not present statistically adequate result versus
ΛCDM. On the other hand BD −DC1(α : −) model is exactly in opposite point of the
BD −DC1(α : +), i.e. it suffers from cosmic coincidence problem but shows better AIC
analysis.
Finally, we assess the viability of BD −DC2 model. AIC increment for interacting
BD −DC2 model (resp. BD −DC2⋆) reads as |∆(AIC)| ≥ 10 (resp. |∆(AIC)| ≥ 27)
against ΛCDM which of course are strong evidence in favor of (or against) these models.
Hence, according to Fig 1, 2 and 3 and also AIC analysis, the BD −DC2 model fit perfectly
with overall data and in physical point of view.
VI. CONCLUSIONS
Three models of D-class of interacting and non-interacting dark energy, investigated in
the context of Brans-Dike theory of gravity. The Hubble parameter, equation of state and
deceleration parameters were given and showed that the cosmic coincidence problem may
be alleviated in some parameters (α > 0) and almost in interacting cases. After fitting
parameters of each model with observational data (SNIa+BAOA+Omh
2) and compare with
ΛCDM model, we found following facts:
1. In BD −DA1 model, the cosmic coincidence is alleviated only for interacting case
and the equation of state in present time has a good consistency with plank result (w
(0)
D =
−1.005). The value of AIC is near the AIC of ΛCDM (3 > |∆(AIC)| > 2) and this model
may be (week) favored against ΛCDM. Also its minimum χ2/dof is smaller than ones of
ΛCDM.
2. In BD −DC1 model as the previous case, the cosmic coincidence is only alleviated
for interacting and (α > 0) case. In this case its AIC is bigger than AIC of ΛCDM which is
reveal a not-favored model against ΛCDM.
3. In BD −DC2 model, the cosmic coincidence alleviated for interacting and α > 0 case
since the absolute value of |∆(AIC)| ≥ 10. This fact reveals a strong evidence in favor of
this model against ΛCDM model.
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FIG. 4: 2-dimensional Likelihood contours of the cosmological and model parameters (for the values
−2 lnL/Lmax = 2.30, 6.16, 11.81, corresponding to 1σ, 2σ and 3σ confidence levels) for the BD −DC2
model using the full expansion history: (Omh2+BAOA+SNIa) data.
Finally, we expect that this facts may also be confirmed after studying on the structure
formation of these models, specially BD −DC2. We leave it into the future works.
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